We provide algorithms to compute a complete irredundant set of extremely strong Shoda pairs of a finite group G and the set of the primitive central idempotents of the rational group algebra Q[G] realized by them. These algorithms are also extended to write new algorithms for computing a complete irredundant set of strong Shoda pairs of G and the set of the primitive central idempotents of Q[G] realized by them. Another algorithm to check whether a finite group G is normally monomial or not is also described.
a large class of monomial groups, including abelian by supersolvable groups [7] . Also, in [1] , it has been proved that E = E SSP = E ESSP if, and only if, G is a normally monomial group i.e., every complex irreducible character of G is induced from a linear character of a normal subgroup of G. The GAP package Wedderga [5] features the functions PrimitiveCentralIdempotentsByStrongSP(QG); that computes the set E SSP for the rational group algebra Q[G] and the function StrongShodaPairs(G); that determines a subset X of strong Shoda pairs of G, which is in bijection with E SSP . Such a set X is called a complete irredundant set of strong Shoda pairs of G. These functions are based on the search algorithms provided by Olivieri and del Río [6] . Another relevant feature of Wedderga is the function IsStronglyMonomial(G); which checks whether the group G is strongly monomial or not. Using this function, it has been revealed in [4] that all the monomial groups of order less than 1000 are strongly monomial.
In this paper, we provide an algorithm to compute a complete irredundant set of extremely strong Shoda pairs of G. This algorithm is based on the work in [1] . We further extend this algorithm by combining it with the search algorithm provided by Olivieri and del Río [6] to obtain a new algorithm that computes a complete irredundant set of strong Shoda pairs of G. As a consequence, we obtain algorithms to write the sets E ESSP and E SSP of primitive central idempotents of Q[G] realized by extremely strong Shoda pairs of G and those realized by strong Shoda pairs of G respectively. Another algorithm to check whether a finite group G is normally monomial or not also follows as a consequence. These algorithms are given in Section 3 and enable us to write following functions in GAP language:
• ExtStrongShodaPairs(G); which computes a complete irredundant set of extremely strong Shoda pairs of G i.e., a subset of extremely strong Shoda pairs of G, which is in bijection with E ESSP .
• StShodaPairs(G); which computes a complete irredundant set of strong Shoda pairs of G.
• PrimitiveCentralIdempotentsByExtSSP(QG); which computes the set of primitive central idempotents of Q[G] realized by extremely strong Shoda pairs of G.
• PrimitiveCentralIdempotentsByStSP(QG); which computes the set of primitive central idempotents of Q[G] realized by strong Shoda pairs of G.
• IsNormallyMonomial(G); which checks whether the group G is normally monomial or not. 
Notation and Preliminaries
Throughout this paper, G denotes a finite group. By H ≤ G (resp. H G),
where L runs over the minimal normal subgroups of H containing K properly. Set e(G, H, K) := the sum of all the distinct G-conjugates of ε(H, K).
Let ϕ denote the Euler phi function. Denote by Irr(G), the set of all complex irreducible characters of G. For χ ∈ Irr(G), Q(χ) denotes the field obtained by adjoining to Q, all the character values χ(g), g ∈ G, and Gal(Q(χ)/Q) is the Galois group of the extension Q(χ) over Q.
It is well known that
)g defines a map from Irr(G) to the set of primitive central idempotents of the rational group algebra Q [G] . If χ is the trivial character of G, it is easy to see that e Q (χ) =Ĝ.
Olivieri et al [7] proved the following:
, Lemma 1.2, Theorem 2.1)
1. If χ is a non trivial linear character of G with kernel N then
2. If χ is monomial, i.e. χ is induced from a linear character ψ of a subgroup
where K is the kernel of the character ψ. Furthermore α = 1, if the distinct G-conjugates of ε(H, K) are mutually orthogonal.
In view of Theorem 1 and Shoda's irreducibility criteria ([2], Theorem 45.2), a
pair (H, K) of subgroups of G is said to be a strong Shoda pair ( [7] , Definition 1.4) if the following hold:
(ii) H/K is cyclic and a maximal abelian subgroup of
Two strong (resp. extremely strong) Shoda pairs (H 1 , K 1 ) and (H 2 , K 2 ) of G are said to be equivalent if e(G, H 1 , K 1 ) = e(G, H 2 , K 2 ). A complete set of representatives of distinct equivalence classes of strong (resp. extremely strong) Shoda pairs of G is called a complete irredundant set of strong (resp. extremely strong) Shoda pairs of G.
We now recall the method given in [1] to compute a complete irredundant set of extremely strong Shoda pairs of a finite group G.
Let N be the set of all the distinct normal subgroups of G. T N : a set of representatives of D N under the equivalence relation defined by conjugacy of subgroups in G. 
Algorithms
We shall use the notation developed in the previous section.
Extremely Strong Shoda Pairs
We provide Algorithm 1, which computes the set ESSP , which is a complete irredundant set of extremely strong Shoda pairs of a given finite group G. This algorithm is based on Theorem 2. It mainly requires the set N of normal subgroups of G and the computation of S N for each N ∈ N . In the algorithm, the process of computation of S N for certain normal subgroups N of G can be cut down with the following:
Lemma 1 For a normal subgroup N of G, the following hold:
otherwise.
(ii) If G/N is non abelian and A N /N is cyclic, then
Proof. Follows immediately from the definition of S N .
Proof. The primitive central idempotents e(G,
are distinct, as N ∈N S N is a complete irredundant set of extremely strong Shoda pairs of G. Therefore,
, and hence its Q-dimension is at most |G|. Consequently,
This yields that S N = ∅ ∀ N ∈ M and completes the proof. 
Strong Shoda Pairs
We now describe Algorithm 2 to compute the set StSP , which is a complete irredundant set of strong Shoda pairs of a given finite group G. realized by strong Shoda pairs of G is obtained from Algorithm 2 and the corresponding function PrimitiveCentralIdempotentsByStSP(QG); is also obtained.
Primitive Central Idempotents

Normally Monomial Groups
The algorithm to check whether a finite group G is normally monomial or not is obtained by replacing the result ESSP of Algorithm 1 with SumDim. In view of Corollary 2, G is normally monomial if and only if SumDim=|G|. This algorithm enables us to write the function IsNormallyMonomial(G); in GAP language.
Using the function IsNormallyMonomial(G); we have found by a computer search that 98.84% of the monomial groups of order up to 500 are normally monomial. Also, 97.88% of all the finite groups of order up to 500 are normally monomial. An exhaustive computer search also yields that among the groups of odd order up to 2000, the only groups which are not normally monomial are: It may be pointed out that all the groups in the above list, except the first two, are non monomial. Moreover, in the first two groups, only the second group is strongly monomial.
Runtime Comparison
We now present an experimental runtime comparison between the following two sets of functions:
1. StrongShodaPairs(G); with StShodaPairs(G);
PrimitiveCentralIdempotentsByStrongSP(QG); with
PrimitiveCentralIdempotentsByStSP(QG);
This experiment has been performed on the computer with Intel Core i7-4770 CPU @ 3.40GHz 3.40GHz, 4GB RAM, for a sample S of 6358 groups of order up to 500. We first describe the sample S. For 1 ≤ n ≤ 500, if the number of non isomorphic groups of order n is less than 200, then S contains all the groups of order n.
Otherwise, we include in the sample S, at least 100 groups of order n, which are evenly spread in the GAP library of small groups.
For 1 ≤ n ≤ 500, let t(n) be the average of the runtimes, taken in milliseconds, for the groups in S of order n. Define T (n) = n i=1 t(i), n ≥ 1. The graph of n versus T (n) for the comparison of the functions StrongShodaPairs(G); and StShodaPairs(G); is presented in Fig.1. Similarly, Fig.2 PrimitiveCentralIdempotentsByStSP(QG); also shows noticeable improvement over PrimitiveCentralIdempotentsByStrongSP(QG); which is currently available in GAP package Wedderga [5] .
